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Abstract. This paper presents a Furuta pendulum as a test-bed to
experimentally validate automatic control strategies or theoretical con-
cepts associated with nonlinear systems. Herein, the modeling, computer
aided design, and construction of a Furuta pendulum test-bed is intro-
duced step-by-step. The deduction of the Furuta pendulum mathemati-
cal model is achieved by using Lagrange equations of motion. In contrast
with other works, this model deduction includes an analysis of the sys-
tem kinematics. Furthermore, a computer aided design of the Furuta
pendulum is carried out via the software SolidWorks, based on such a
design a test-bed is built. Numerical simulations of the Furuta pendulum
model are performed via Matlab-Simulink. Moreover, with the intention
of verifying that the test-bed built behaves according to the model herein
deduced, experimental tests with the test-bed in open-loop are carried
out by using Matlab-Simulink, ControlDesk, and a DS1104 board from
dSPACE.
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1 Introduction

In last decades, control engineering researchers have had a strong interest on the
underactuated mechanical systems. This interest is due to such systems exhibit
various problems that can be observed in industrial applications, such as external
disturbances and nonlinear behaviors under different operation conditions [1].
Particularly, the Furuta Pendulum —also known as rotary inverted pendulum-— is
a mechanism that has two degrees of freedom (DOF) and two rotational joints. It
is essentially integrated of three elements: a motor and two bars called arm and
pendulum. The motor’s shaft is connected to one end of the arm, which causes
the arm to be moved angularly in the horizontal plane, whereas the pendulum is
joined to the free end of the arm through a link that can move freely and allows
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the rotation of the pendulum in the vertical plane. This mechanism is a popular
device that has been used both as benchmark for the analysis of nonlinear control
and for educational purposes (see, for example [2-8]).

Literature associated with the modeling and construction of the Furuta pen-
dulum is as follows. Regarding the modeling, Acosta [9] described a quasi-
conservative dynamic model, derived from the classical mechanics, which allows
designing all the controllers as if the system was conservative. Another work
provided by Cazzolato and Prime [10], introduces a dynamics of the Furuta pen-
dulum considering a full inertia tensor. That dynamics was derived by using two
methods: a Lagrangian formulation and an iterative Newton-Euler formulation.
Jadlovskd and Sarnovsky [1] presented an application of a general procedure to
derive a mathematical model of the rotary inverted pendulum with an arbitrary
number of pendulum links. To design such a model Lagrangian equations and a
Rayleigh dissipation function were used. The validity of the mathematical model
generated by the application were shown via numerical simulations. As regards
the construction, Allotta et al. [11] constructed two different prototypes of the
Furuta pendulum with the intention of providing test-beds for the laboratories
of mechatronics and complex dynamics, and systems control of the University
of Florence. In addition, the dynamic parameter identification of the real proto-
type was carried out. In the study of Garcia-Alarcén et al. [12], a procedure to
achieve the parameter identification of an experimental system associated with
the Furuta pendulum, a computer aided design and the system built were shown.
Also, in order to validate such a procedure, results from numerical simulations
of the system dynamic model were compared with experimental results from
the system built. On the other hand, a work that describes step-by-step both
the modeling and construction of a Furuta pendulum prototype was introduced
recently by Antonio-Cruz et al. [13]. In that work numerical simulations of the
Furuta pendulum mathematical model were performed. Likewise, the prototype
built was experimentally tested to show its real behavior.

Having undertaken the literature review, it was found that few works have
been exclusively dedicated to the modeling, computer aided design, and construc-
tion of a Furuta pendulum. Also, in such works, the Furuta pendulum mathe-
matical model is not described step-by-step and most of them do not include
the kinematic analysis of the system. Furthermore, to the authors’ knowledge,
papers where the computer aided design along with the construction of a Fu-
ruta pendulum test-bed are described step-by-step have not been reported until
now. The aforementioned could be of great help, since to implement or validate
automatic control strategies in real time, the modeling, computer aided design,
and construction of a Furuta pendulum test-bed are required. Thus, in order to
contribute in this direction, this paper presents the modeling, computer aided
design, and construction step-by-step of a Furuta pendulum test-bed, including
the corresponding experimental verification.

The remaining of the paper is structured as follows. Section 2 deals with the
deduction of the Furuta pendulum mathematical model; whereas, the design and
construction of the system under study is treated in Section 3. The numerical
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simulations of the Furuta pendulum model and the experimental tests of the
test-bed built are shown in Section 4. Lastly, the conclusion is given in Section
5.

2 Modeling

A graphical representation of the Furuta pendulum is shown in Figure 1. There,
0y is the arm angular position measured with respect to an arbitrary position, 6,
is the pendulum angular position measured with respect to the upright position,
7 is the torque (applied to the arm) generated by the electric motor, I is the
arm inertia (when it turns around one of its ends) and the motor inertia, Lo is
the arm length, mq, [1, and J; are the mass, the center of mass location, and
the pendulum inertia, respectively. Lastly, g = 9.81 m/s? represents the gravity
acceleration.

P ~— Pendulum Jg

Center
of mas:

Fig. 1. Furuta pendulum.

As the Furuta pendulum is a two DOF system, its dynamic model is given
by two Lagrange equations of motion, which are defined by

d(@L) oL _ n

dt \of,) 000

d (0L oL

il |- == =0 2
dt (891) 00, ’ (2)

where 6, is the arm angular velocity, 6, the pendulum angular velocity, and L
the system Lagrangian determined as

L=K-V, (3)

being K and V the kinetic energy and potential energy, respectively, of the
Furuta pendulum system.
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On the one hand, K is the sum of the kinetic energy of the arm and the
pendulum, which are, respectively, defined as follows:

1 .

Ky = 51093, (4)
1 N2 1 T

K = §J191 + 5y U1, (5)

where v is the linear velocity of the pendulum center of mass. Hence, an analysis
of the Furuta pendulum kinematics is required. Then, from Figure 2, the location
of the pendulum center of mass is determined by

T = [‘rma xya xz]Ta (6)
where z, x,, and =, are defined as follows:

x, = Locos (0p) — l1sin (01) sin (6y) , xy = Losin (6p) + lisin (61) cos (6p) ,

x, = lycos (61).

Thus, vy is given by
oL = g, &y, 2] (7)

being

Ty

—6yLgsin (0g) — Iy (9osin (01) cos (8y) + 01sin (o) cos (91)) ,
i,y = B Locos (0p) + Iy (91005 (00) cos (1) — bysin (6y) sin (01)) ,

j?z = —élllSiTL ((91) .
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(a) Projection of the arm and pendulum in (b) Projection of the pendulum in the
the horizontal plane. vertical plane.

Fig. 2. Free body diagram of the system.
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After replacing (7) in (5) and reducing the resulting expression, the following
is found:

1 .. 1 ) 2 . 2 N2 ..
K = §J19% + §m1 |:(90L0> + (llﬁosm (01)) + (l191> + 20061 Lol cos (01):| .

Therefore, the Furuta pendulum kinetic energy K is given by
K = Ko + Ki,

= 1o + 5002 + g | (BoLo)+ (ndosin (60)) "+ () +

+ 29.09'1[/011008 (91)} . (8)

On the other hand, V is the sum of the potential energy of the arm and
pendulum. Since the arm is moved on the horizontal plane, its potential energy
is constant and can be considered equal to zero. Hence, the Furuta pendulum
potential energy V is reduced to the pendulum potential energy, that is:

V = —hmyig = migli (cos (61) — 1). (9)

Then, from (3), which has associated to (8) and (9), and after carrying out the
corresponding derivatives in the equations system (1), (2), the dynamics of the
Furuta pendulum is found as follows:

Ozéo + 50.00.1 + ’)’91 - 09% =T, (10)
N 1 ,
0o 4 (mal? + J1)6; — 5&98 —mayglisin (61) = 0, (11)

where 6 is the arm angular acceleration, 6, is the pendulum angular acceleration,

a = Iy +miL3 +mylisin® (61), ~=miLolicos (),
B = myl?sin(26;), o =mqLolysin (01).

3 Computer aided design and construction

The elements that integrate the Furuta pendulum test-bed and the procedure
followed in the construction of such a test-bed are presented below.

As shown in Figure 3, the Furuta pendulum test-bed is composed —in general—
of three blocks, namely: subsystems, power stage, and data acquisition and pro-
cessing. The block subsystems refers to two subsystems, the first one corresponds
to a DC permanent magnet motor and two encoders; whereas, the second corre-
sponds to a mechanical structure, which includes the mechanical elements that
are, directly and indirectly, moved by the DC motor and those that hold the
system. The block power stage is integrated by two power electronic devices,
which as a whole provide energy to the DC motor. The block data acquisition
and processing is associated with Matlab-Simulink, ControlDesk, and a DS1104
board from dSPACE, which allow the acquisition and processing of the data
provided by the encoders.
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Fig. 3. Block diagram of the test-bed.

3.1 Subsystems

This Section describes the DC motor, encoders, and mechanical structure. The
DC motor provides angular movement to the arm, the encoders are employed
to sense the angular position of the arm and the pendulum, and the mechanical
structure was designed via the software SolidWorks, which is a tool for mechan-
ical design in 3D.

DC motor and encoders. Know the mechanical and electric characteristics of
the DC motor is not an easy task; therefore, numerical simulations of the Furuta
pendulum mathematical model were performed with the intention of determin-
ing the required torque to move the pendulum around its upright position (see
Section 4). These simulations showed that the required torque is 0.17 Nm. Thus,
a 14204 Brush DC motor from Pittman was used.

Regarding the encoders, the encoder that allows sensing the arm position is
included in the DC motor chassis and it has a 500 CPR resolution; whereas, the
encoder associated with the pendulum is an ITD 01 A 4 Y 1 optical mini encoder
fabricated by Baumer with 1024 CPR as maximum resolution. Both encoders
are of the incremental type.

Mechanical structure. The mechanical elements that compose the Furuta
pendulum test-bed were drawn and assembled, virtually, by using SolidWorks,
since this software includes advanced functions that facilitate the part modeling,
create assemblies, and generate plans easily and quickly. Also, SolidWorks allows
specifying the material properties for each part of the Furuta pendulum test-
bed. Thus, a computer aided design of such a test-bed was generated as shown
in Figure 4(a).

According to Figure 4(a), the description of each part that integrates the
mechanical structure is as follows:

® The Arm was manufactured from a T-6061 T—6 aluminum round bar with
a 5/8"” diameter.
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@ The Pendulum was made from a T-6061 aluminum tube with a 3/8" outer
diameter and a T-6061 aluminum sheet. Furthermore, the pendulum includes
the shaft that must be mounted into the pendulum encoder. The shaft was
manufactured from a C-1018 round AISI with a 1/2"” diameter.

® This part corresponds to the DC motor with encoder described in Section
3.1.

@ This part is associated with the pendulum encoder described in Section 3.1.

® The encoder holder is used to hold the encoder of the pendulum. This holder
was made from a T—-6061 aluminum sheet. This part includes a 628/6—2z
deep groove ball bearing from SKF.

® The upper sheet is used to hold the DC motor with encoder and was man-
ufactured from a stainless steel sheet.

@ The vertical aluminum profiles were made from Bosch tubular profiles. The
weight of the remaining parts that compose the mechanical structure rests
on such vertical profiles.

The horizontal aluminum profiles keep apart the vertical profiles to a certain
distance, providing structural stability to the test-bed.

® The bottom sheet, manufactured from a stainless steel sheet, is used to hold
the power supply that provides energy to the electrical and electronic devices.

The leveling legs are used to even the mechanical structure on a surface,
which allows avoiding undesired movements of the test-bed.

The test-bed built can be seen in Figure 4(b).
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(a) Computer aided design of (b) Real test-bed connected to the
the test-bed. DS1104 board.

Fig. 4. Furuta pendulum test-bed.

It is important to mention that the design of the Furuta pendulum test-bed
was carried out in such a way that another configuration of pendulum can be
set (see [14]).
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3.2 Power Stage

As was mentioned previously, the block Power Stage consists of two power elec-
tronic devices. The first one refers to a switched power supply of the HF100W-
SF-24 model. This power supply provides energy to the DC motor, by means
of the second power electronic device, that is, an analog servo drive, which is
used to isolate the block data acquisition and processing from the DC motor.
Also, this servo drive amplifies the current of a signal provided by the data ac-
quisition and processing block, being the amplified signal the DC motor input
signal. The servo drive is fabricated by Advanced Motion Controls in the model
AZ12A8DDC. An important characteristic of such a servo drive is that it in-
cludes an internal control-loop, which avoids losses when the amplified signal is
delivered to the DC motor.

3.3 Data acquisition and processing

This Section describes the connection between the test-bed and the DS1104
board from dSPACE. This board was selected due to the integration software
between Matlab-Simulink and ControlDesk, that is, the board firmware.

In order to connect the test-bed with the DS1104 board, a block diagram is
programmed in the Matlab-Simulink environment. Such a program contains the
blocks to generate the signal that has to be amplified by the analog servo drive.
Also, the program includes the blocks related to the ports of the DS1104 board
where the incremental encoders and the analog servo drive are connected. Latter,
the program is executed by means of ControlDesk, which allows the acquisition
and processing of the data provided by the encoders and by the DC motor input
signal.

4 Simulations and experimental results

Numerical simulations associated with the model (10)-(11) and experiments ob-
tained by using the test-bed built of the Furuta pendulum are presented below.

4.1 Results

In the implementation of the numerical simulations of the dynamics of the Furuta
pendulum, that is, (10)-(11), the following values of the parameters were used:

Ip = 0.4592 x 1072 Kgm?, 11 =0.1475 m, Ly = 0.1414 m,

Ji = 0.2755 x 1073 Kgm?, m; = 0.038 Kg.
Such values were obtained directly from the test-bed built. The numerical simu-
lations consisted in apply a constant torque to the arm during a period of time

equal to 0.2 s, moving it from an arbitrary position, achieving that the pendulum
reaches a position between +1 rad around the upright position from its natural
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equilibrium point, that is, £7 rad. As regards to the experimental tests similar
conditions to those used in the simulations were considered. Both simulations
and experimental tests were carried out in open-loop. The numerical simula-
tions were performed by using Matlab-Simulink and the experimental tests were
carried out via Matlab-Simulink, ControlDesk, and a DS1104 board.

The simulation results are shown in Figure 5, also this figure includes the
experimental results obtained from the test-bed built. With the purpose of dif-
ferentiating the simulation results from the experimental ones, the following
nomenclature was used. For the simulation results the variables 6, and 6; are
denoted as 0y and 61, respectively. Likewise, 0y, and 6. denote the experimen-
tal results of the variables aforementioned. Whereas, the input of the system, 7,
is denoted as 75 for the case of the simulations and for the experimental results
is defined as 7.

30 0.2
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Fig. 5. Simulations and experimental results.

4.2 Discussion

The differences found when comparing the simulation and experimental results
are mainly due to the friction forces, which are not considered in the deduction
of the mathematical model (10)-(11). Also, another factor that limits the angular
movement of the arm in real time experiments, that is 0y., is the cable of the
encoder that senses the variable 6, temporarily placed in such a way that offers
a minimum resistance to the arm movement.

5 Conclusion

This paper has introduced step-by-step the modeling, computer aided design,
and construction of a Furuta pendulum test-bed. Also, experimental tests on
the test-bed built were carried out with success, since the obtained results are
in accordance with the ones obtained from numerical simulations of the Furuta
pendulum mathematical model. The aforementioned has the propose of facili-
tating the modeling and construction of a Furuta pendulum test-bed, which can
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be used to experimentally validate automatic control strategies and study some
features of nonlinear systems.

Regarding the future work, in the deduction of the Furuta pendulum math-
ematical model, consider the dynamics of the actuator and driver would be
interesting. Some works associated with the dynamics of actuators and drivers
are [15-18].
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